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CONVERGENCE ANALYSIS OF TWO NUMERICAL SCHEMES APPLIED TO A
NONLINEAR ELLIPTIC PROBLEM

CHRISTINE BERNARDIT, JAD DAKROUB'#, GIHANE MANSOUR#, FARAH RAFEI} AND TONI SAYAH?.

AssTrACT. For a given nonlinear problem discretized by standard finite elements, we propose two iter-
ative schemes to solve the discrete problem. We prove the well-posedness of the corresponding problems
and their convergence. Next, we construct error indicators and prove optimal a posteriori estimates
where we treat separately the discretization and linearization errors. Some numerical experiments con-
firm the validity of the schemes and allow us to compare them.

1. INTRODUCTION

Let © be an open polygon in R?, we consider the problem
—Au+ MuPu=f in Q (1.1)

u=0 on 09, (1.2)

where \ and p are two positive real numbers. The right-hand side f belongs to the dual space H~1(Q)
of the Sobolev space Hi(f2). The a posteriori error analysis of finite element approximations of the
present model problem has been studied by Bernardi, Dakroub, Mansour and Sayah, see [2]. In fact,
let Vi, C H(2) be the P; finite element space associated with a regular family of triangulations of
Q, denoted by T,. Using P; Lagrange finite elements, the discrete variational problem obtained by the
Galerkin method amounts to (from now on, we denote by (-, -) the scalar product of L?(Q))

Find uy, € V}, such that
Yo € Vi, (Vuh,Vvh) + )\(|uh|2puh,vh) = <f, vh>. (1.3)

In order to solve the discrete nonlinear problem (1.3), we introduced in [2] the following linear numerical
scheme, called fixed-point algorithm:

Find uffl € V}, such that
Yo € Vi, (Vup™, Vop) 4+ MJup |Puit™ vg) = (f,vn)- (1.4)

This algorithm leads to a conditional convergence of the problem. In fact, the convergence of this
numerical schemes depends on the parameters A, p and f. Furthermore, the a priori estimate of the
discrete variationel problem is presented in [2]. As well, the a posteriori analysis of the discretization is
performed but requires that the discrete solution belongs to a neighborhood of the exact solution u.

As a new contribution to the previous work that we have carried out recently on the a posteriori analysis
of the present nonlinear problem, see [2], we introduce in this paper two different convergent numerical
schemes to solve this problem. In fact, the main idea is to introduce a parameter o which can be controlled
in order to insure the convergence. Let u?L be an initial guess, for i > 0 we introduce the following two
algorithms:
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First numerical scheme.
Find ufl € V}, such that

Vo € Vi, a(uptt —up,on) + (Vb Vor) + A(Jup [PPupt™ o) = (f,on), (1.5)

Second numerical scheme.
Find u}fl € Vj, such that

Yo € Vi, a(Vutt — Vb, Vo) + (Vai™, Vor) + A(Juh [Pus™ vn) = (f,on), (1.6)

For a parameter « bigger than a specific constant that depends on A, p and the data f, problem (1.5) and
(1.6) always converge. Moreover, our objective is to derive an a posteriori error estimate distinguishing
linearization and discretization errors.

In practice, the present problem (1.1) — (1.2) is solved using an iterative method involving a linearization
process and approximated by the finite element method. Thus, two sources of error appear, namely
linearization and discretization. The main result in [2] is a two-sided bound of the error distinguishing
linearization and discretization errors in the context of an adaptive procedure. This type of analysis was
introduced by A.-L. Chaillou and M. Suri [3, 4] for a general class of problems characterized by strongly
monotone operators and developed by L. El Alaoui, A. Ern and M. Vohralik [5] for a class of second-
order monotone quasi-linear diffusion-type problems approximated by piecewise affine, continuous finite
elements. We wish to extend these results to the problem that we consider and prove optimal estimates.

The paper is organized as follows:

Section 2 describes the model problem.

Section 3 is devoted to the study of the convergence of the schemes.
Section 4 provides the a posteriori estimates for both problems.
Section 5 is devoted to the numerical results.

2. PRELIMINARIES

In this section, we describe the variational formulation associated with the nonlinear problem (1.1)-(1.2)
and introduce and recall some corresponding properties which will be used later.

We denote by LP(Q2) the space of measurable functions summable with power p, and for all v € LP(Q),
the corresponding norm is defined by

1/p
o e = ( / |v<x>pdx) .

In the case p = 2, we also denote this norm by || - |o,o. Throughout this paper, we constantly use the
classical Sobolev space

ov Ov
1 _ 2 . 2
H (Q) = {U € L°(Q); 0z, Oy €L (Q)},

which is equipped respectively with the semi-norm and norm

1/2

M o v e 2 2
ha = ([ (e P+Igefax)  and (o fua= (o + ofa)
In particular, we consider the following space
Hy () = {v € H'(Q), v}, = 0},
and its dual space H (). We recall the Sobolev imbeddings (see Adams [1], Chapter 3).

Lemma 2.1. For any domain Q in R?, for all j, 1 < j < oo, there exists a positive constant S; such
that

Yo € Hy(Q), v i) < Sjilvla. (2.1)
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Remark 2.2. For domains Q in R?, inequality (2.1) with standard definition of H}(Q) remains valid
only for j < 6, whence the interest of working in dimension d = 2.

Setting X = H3 (), the model problem (1.1)-(1.2) admits the equivalent variational formulation:
Find v € X such that
Yv € X, / Vqudx—i—/ Nu[*Puvdx = (f,v), (2.2)
Q Q

Theorem 2.3. [2] Problem (2.2) admits a unique solution u € X.

We now introduce the following technical lemmas:
Lemma 2.4. Let a, b and p be three real numbers. We have the following relation
laf? — 15| < pla —Bl(Ja~* + 5P).
Proof. The result follows from applying the mean value theorem to f(z) = zP with = > 0.

Lemma 2.5. For all z,y € R and p € R, we have
(|2[*Pz — |y[*Py)(z — y) > 0.

Remark 2.6. In the sequel, we denote by C, C’,... generic constants that can vary from line to line but
are always independent of all discretization parameters.

3. FINITE ELEMENT DISCRETIZATION AND CONVERGENCE

In this section, we begin to collect some useful notation concerning the discrete setting and the a priori
estimate. Then, we show the convergence of the schemes (1.5) and (1.6).

Let (7n)n be a regular family of triangulations of €, in the sense that, for each h:

o The union of all elements of Tj, is equal to Q.

e The intersection of two different elements of 7T, if not empty, is a vertex or a whole edge of both
triangles.

e The ratio of the diameter hx of any element K of 7, to the diameter of its inscribed circle is smaller
than a constant independent of h.

As usual, h stands for the maximum of the diameters hy, K € Ty. Let V}, C H&(Q) be the Lagrange Py
finite element space associated with 7T,, more precisely

Vi, = {Uh S H&(Q), VK € 'Th, Uh S Pg(K)},

where Py(K) stands for the space of restrictions to K of polynomial functions of degree < ¢ on R

Remark 3.1. (Inverse inequality) There exists a constant Sp > 0 such that for all v, € V}, and K € Ty,
we have

lvnl1,x < Srhit|[vnllox - (3.1)

Theorem 3.2. [2] Let u be the solution of (2.2). Then, Problem (1.3) has a unique solution uy. Moreover,
if u € H2(), the followng estimate holds

lun —ulh o< Chullze-
In the following, we investigate the convergence of the schemes (1.5) and (1.6).

Theorem 3.3. Problem (1.5) admits a unique solution. Furthermore, if the initial value u) satisfies the
condition

lupllo.o < Sallfll-1,0; (3.2)
then the solution of the problem (1.5) satisfies the estimates

i o < Sallfll-re  and  [ui Mo < /14 aS3lIfl|-va. (3.3)
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Proof. It is readily checked that problem (1.5) has a unique solution as a consequence of the coercivity
of the bilinear form.
We consider the equation (1.5) with vj, = ui"! and we obtain :

||uz+1”0,ﬂ *Huhl\o o+ *HUHrl —upllo.q + [uh T o + Mlup PP uitt up ™) = (F uth).
By using the inequality

(fu,™) < *IlfH?m +5 I%L“rl fa

we deduce the relation

i+1

a . . . 1
*llum\lo,n —Sllunllie + 5 Sl =il B o+ Sl B + Mup i ui ) < SR (34)

2
We now prove the first estimate in (3.3) by induction on . Starting with the relation (3.2), we suppose
that we have

luhllo.e < Sall fll-1.0-
We are in one of the following two situations :

0.2 < ||uk]lo.o- We obviously deduce the bound

luy Mo.o < Sallfll-1.0

e We have ||u}

from the induction hypothesis.
e We have ||u}™|[o.0 > ||u},|l0.o. The equation (3.4) gives

|u2+1|%,9 <|If11%1.0

and we deduce the inequality

IN

S5y %sz

S3IIfI 0

This gives the first part of (3.3). We now check the second part. We have from (3.4)
iy 20 < (120 + allupllfo < L+ aSHIIFI12 q.

whence the desired result.

[l 115 0

IN

Theorem 3.4. Problem (1.6) admits a unique solution. Furthermore, if the initial value u% verify the
condition

luple < Ifll-1.0. (3.5)
then the solution of Problem (1.6) satisfies the estimate

(3.6)

Proof. We follow the same proof as for Theorem 3.3. It is readily checked that problem (1.6) has a
unique solution as a consequence of the coercivity of the bilinear form.
We consider the equation (1.6) with vj, = ui"' and we obtain :

« .
W“Im - Sluiliat+ g Sl = b B+ T R o AP gt it = (fu™).

We deduce the relation

|uj,

. . . . 1
W=l W“lm + A, [P it uptt) < S(IF112a (3.7)

a .
| l+1|1,Q - §|u2|?9 +5 |u
We prove the relation (3.6) recurswely. Starting with (3.5), we suppose that we have

[uhlre < [1fll-1.0-

We are in one of the following two situations :

e We have |u),

upt e < [Ifll-1e.
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e We have [u}1.0 > |uj|1.0. It follows from (3.7) that

1+1|2

luj,

We conclude the proof of the theorem.

Unfortunately the proof of the next result is much more technical.

Theorem 3.5. Assume that there exists B > 0 such that, for every element K € Ty, we have
hK Z ﬁhv

(which means that the family of triangulations is uniformly regular). Under the assumptions of Theorem
3.3 and for
a > C?pP\2p P (3.8)

where
2p

St
C= 4545852p2p11 ) B2 SPIfI1P 1,00

the sequence of solutions (u}) of Problem (1.5) converges in HJ(S2) to the solution uy, of Problem (1.3).

Proof. We take the difference between the equations (1.5) and (1.3) with vj, = u}"" — uj, and we obtain
the equation

1+1 1+1

a ‘ .
IIU —unllie = Gllui —unllo e + *IIU —upl[§ 0+ lup" —unli g

FX(ud | 2Pul ™t — Jup |*Pug, wl — up) = 0.
The last term in the previous equation, denoted by T, can be decomposed as
T = A 27 — [ Pl b — un) + Ml P — 2, ul — ).

We denote by T7 and Ts, respectively, the first and the second terms in the right-hand side of the last
equation. Using Lemma 2.5, we have T5 > 0. Then we derive by using Lemma 2.4 (with p replaced by

2p)

i+1 +1

o . ,
IIU —unllie = Gllul —unllfq + *Hu —upl[§0+ lupt —unlio+ T2 =-T1

= 2pA/Q(IW‘L“IQp‘1 + Jup PP g — | gyt — unldx

< 2pA[up! WP PP sy Hut s @) it — |
< 2pAS4SSaly L) (W“ o T S Dl elluptt = llo,eluptt = unlio
2P . , A
< WASISeS L géph 2] [ 2+ [k 2 kol — ublloglub™ = unlio
< 4pASiSsSih L) ,32;; 5L s2on-20)| )22 o lluf — ool
2p—1 52 §2p " 1 5, €,
We denote by C' = 45458555, 1) ﬁQp ||f|L1 - use the decomposition ab < 229 + ib , take ¢ =
1
Conh2p and obtain the following bound
p
i+1 2 o 12 Loin 2 C’2p2)\2 —dpy), il i )2
HU UhHo,Q*gHUh Uh||o Q+*||U Uh||o,Q+§|uh —uplio+T2 < 9 [Juf,™ —up (5.0
_ CQ 2A2h_4
We choice a > C?p?A2h =%, denote by C; = % and obtain
*IIU“rl —unllgq0 — ||uh*Uhl\osﬁclll’tfrl *%H%,QJr W“ —unlfq+ Tz <0. (3.9)

We deduce that, for all i > 1, we have (if ||u}, — up||o.o # 0)

H“ZH —upllo < ||uj, — unllo,Q,
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and we deduce the convergence of the sequence (u,"" — uy) in L?(Q). By taking the limit of (3.9) we
deduce that |uj,t* — up|1,0 converges to 0 and u};"" converges to uy in Hg ().
Theorem 3.6. Under the assumptions of Theorem 3.4 and for
2
a > (482948 Sato ) 111271 0) P*N°, (3.10)

the sequence of solutions (u}) of Problem (1.6) converges in HJ () to the solution uy, of Problem (1.3).

Proof. We take the difference between the equations (1.6) and (1.3) with vj, = u}" — uj, and we obtain
the equation

o, . .
W Slun —unlio+ 5 Ilt“rl —uplT o+ u —unli g

- Uhﬁﬂ 9

|u
+A(\u PPyt — |un|Pup, uptt —up) = 0.
The last term in the previous equation, denoted by 7', can be decomposed as
T = M(fup P = ™ PP ™ = wn) + Mg, PPug™ = Jun*Pun, g™ — ).
We denote by T7 and T3 respectively the first and the second terms in the right-hand side of the last
equation Using Lemma 2.5, we have 75 > 0. Then we have by using Lemma 2.4

i+1 1+1

16 . X .
o lup, — Uhﬁ ot 3 |U - uﬂ%,n + Juptt - Uhﬁ,Q +1T=-Th

2
< 2p/\((|uz+1|2p 1 + Iuth 1) |uz+1 _ UM |u;'1+1‘ |uz+1 uh|)
< 2pA[|up — uhHO a (g, 2P0 o Jug PP~ s ) Hup™ s Jug,™ = unllag)

< 4pAS2SaSsSah 1117 lupt!

|U —Uhﬁﬂ—

i —Uh|1,ﬂ~

1 1
We denote by C = 4525458 (2p 1)||f|| 1. use the decomposition ab < 275(12 + %bQ, take € = 7Cp>\ and

obtain the following bound

o, a, . C?p2 A2 .
Ui —unl o~ Sk~ wnll o+ Sl o+ g —unlfo + T < TR it iR,
_ 02 2)\2
We choose a > C?*p?\?, denote by C) = % and obtain
o . .
IU’“ unlio = Sluh —unlt o+ Cilu™ —uhlio + 5 IU’H unli o+ T2 <0. (3.11)

2
We derive that, for all 7 > 1, we have

uptt —unlo < |uj,

we obtain the convergence of the sequence (uj"" — up) in H'(Q) and, by taking the limit of (3.11) we
deduce that u;"" converges to uj, in H}(Q).

Remark 3.7. The conditions (3.2) and (3.5) suppose that the initial values of the algorithms are small
related to the data f. We can always take ul) = 0.

Remark 3.8. The previous two theorems bring to light a first difference between the two schemes (1.5)
and (1.6): in opposite to (1.5), the convergence of (1.6) is proved when « is larger than a constant
independent of h (and does not require the uniform reqularity of the family of triangulations).

4. A POSTERIORI ERROR ANALYSIS

We start this section by introducing some additional notation which is needed for constructing and
analyzing the error indicators in the sequel.

For any triangle K € T, we denote by £(K) and N (K) the set of its edges and vertices, respectively, and
we set

U &) and N= | NE

KeT KeTy,
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With any edge e € £, we associate a unit vector n such that n is orthogonal to e. We split &, and N}, in
the form

En=EnaU&hon and  Njp =Ny UNj 00
where &, g0 is the set of edges in &, that lie on 9 and &, o = & \ En,00. The same goes for M, gq.

Furthermore, for K € T, and e € &, let hx and h. be their diameter and length, respectively. An
important tool in the construction of an upper bound for the total error is Clément’s interpolation operator
Ry, with values in V3. The operator Ry, satisfies, for all v € H}(2), the following local approximation
properties (see R. Verfiirth, [7], Chapter 1):

|v—Rpvllr2xy < Chilv|iag,

|v—Ryv 2@y < Ch*v|ia.,

where A and A, are the following sets:
AK:U {K’e?ﬁ; K’OK#V)} and Ae:U {K’Gﬁ; K'ﬂe#@}.

We now recall the following properties (see R. Verfiirth, [7], Chapter 1):
Proposition 4.1. Let r be a positive integer. For all v € P.(K), the following properties hold

Cllollzay < v 2y < v leeg) » (4.1)
ol < Chgt [l vl - (4.2)

where Py is the triangle-bubble function (equal to the product of the barycentric coordinates associated
with the vertices of K ).

We also introduce a lifting operator: For each K € 7, and any edge e of K, L. x maps polynomials of
fixed degree on e vanishing on de into polynomials on K vanishing on 0K \ e and is constructed by affine
transformation from a fixed lifting operator on the reference triangle.

Proposition 4.2. Let r be a positive integer. For all v € P,(e), we have the following property
Clvlee < lvwe?llee < ol (43)
where Y, is the bubble function on the edge e, and for all v € P,(e) vanishing on de, we have
| Le vl L20a) + PelLewvhie < ChE™ |0 || 2e) » (4.4)
where K is a triangle of edge e.

Finally, we denote by [vp] the jump of v, across the common edge e of two adjacent elements K, K’ € Ty,.
We have now provided all prerequisites to establish an upper bound and lower bound for the total error.
Let u,t" and u be the solution of the iterative problem (1.5) or (1.6) and the continuous problem,
respectively. They satisfy the identity

/V - Vvdx-/Vu’+1Vvdx+)\/ \u|2puvdx—/fvdx. (4.5)
Q Q

We now start the a posteriori analysis of our algorithms.

4.1. Algorithm (1.5).
In order to prove an upper bound of the error, we introduce an approximation f; of the data f which is
constant on each element K of T,. We first write the residual equation

/Vqudx—|—)\/ IUIQ”uvdX—/VuZHde—A/ |, | 2Pl vdx

Q Q Q Q
/(f fio - o)dx+ 3
KeTn

8u2+1 z+1
(v—op)dr p + Z vdx
eGS(K KeTn

fo+ Auptt = Nug [2Puitt — a(uitt — ub)) (v — v )dx
! (1.6)
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By adding and subtracting A / |u§l+1|2pu§l+1vdx, we obtain
Q
/Vqudx—l—)\/ |u|2puvdx—/VuZ+1Vvdx—)\/ it 2P odx
Q Q Q Q
/<f e = vdx + Y
KeTn

a i+1
uh v—vh)d7}+)\/ (Jup, I = up PP ) up  odx + « Z / i — ) Yudx.
eES(K)

{ [ B N P = o =)o~ )
K

KeTh
(4.7)
We now define the local linearization indicator 77%2 and the local discretization indicator nﬁ(DB at each
iteration ¢ by: 7 7

mer = g™ =gl |
(D) 2 i+1 i 2p, i+l i+l iy |12 dupt o
(nKz) = R || fo+Aup = A [Puy — afwg,™ —up) ||L2(K) + Z he || [W] ||L2(e)

ecE(K)

We are in a position to state the first result of this section:

Theorem 4.3. Upper bound. Let uﬁ;"l and u be the solution of the iterative problem (1.5) and the exact
problem (2.2) respectively. We have the following a posteriori error estimate

™ = ule < C((C D0 (D + 13 1F = fu I320) 2+ (X (KEDH?).

KeT, KeTn
Proof. We consider equation (4.7) with v = u — u}"' and we obtain

/V(uf by’ dx+)\/(\u|2pu i PPt (- ) dx

Z/ (f = fo)lv —wp)dx + Z {/K (fn 4 Auitt = Nud [PPuitt — a(uit' —ud)) (v — vp)dx

KeTh KeTh
auzﬂ 2 |yt 2P) it wit!
—= Z J(v—wp)dr ¢ + A |uh|p ") vdx—|—az — ul )vdx.
eEE (K) KeTn
(4.8)
Then we have by using Lemmas 2.4 and 2.5
lu — uy, <Y ker, I = fullezcollv — vnllL2 (k)
+ ) ||fh + A = N [P = a(up™ = )|z ollo = vnllz2 e
K€7—h
1 8%“ i1 (), i 12p—1 i+1)2p—1y|, i+l
+5 > = o Mzl = vnllrzce) +A 2p|uh =, (g PP+ PP g v dx
e€e€(K)
o Y (bt = |z lol 2 )
KeTh

We choose v, = Ry, the image of v by the Clément operator and we obtain

lu—up R o <C Y hllf =l vlag
KeTy
+ 3 (Chlfn + Aui™ = Ml PPustt — a(up™ = ui)l| 2o [vla
KeTh

C 1 ﬁu?‘l
+5 > kel vl a,)
ec&(K)

+A/ 2pluf, — wpt (uf, PP+ g PP D) g ol + a0 Y (Jultt = ]| e ol L2
KeTh
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We begin by bounding the second term of the right-hand side of the last inequality and we obtain by
using Theorem 3.3

A / 2pluct, — wiF | (juh 2L+ [l 2t
Q

< 2] [ PP+ T PP s o[, — w s g™ Hlzago o]z o)

< 22ApS2S54Ss (|| Jul 2P| s o) + | P PP | s o)) [, — up 1elup e vle

i foldx

Hiaelvlie

< 2/\p52545855f2;1 1)(|u 2p Ly luj, i+l 2p 1 |uh - uh
<4xp(1 + asz)psgs4sgs§(2p AP lwh = uit Q|u|1 Q.
Let S = 4\p(1 + a.S2)P 525,55 ;?2171 1)||f\| 1.0+ then we have
lu— R o <C Y hillf = fulleao vl ag
KeTh
3 (Chucl o+ D = Aub P — a(ul = )l ol.an
KeTy,

C 1+1

5 Z h H[ H\L2(e)|’U|1A)
EES(K)

;'LH - u;:zHLz(K)HUHL?(K

i i+1
+S‘Uh — Uh
KeTy,

1
By using the formula ab < 2—(12 + %bQ, we obtain
€

i 051
lu—uy ™ g < Z hilf — fh||L2(K)+

KeTy, KETh
Cey h2 Attt At (2Pt — il & 2
T Z x| fn + Auy, |up Py, o, uh)||L2(K)+ 9% Z vl1,x
KeTy 2 KeTs
063 8u1+1
PO S S el ey + &Y ot
KeTn E€E (k) KE'Th
564 ; 1
T Z luf, = up PR e+ 5— Z vl Kk
KeTy, KGT
Qags i+1 i)2
t— Z ||y, *Uh||1,K+7||U||L2(Q)
2 255
KeTy

We choose g1 = 8C1, €3 = 8C4, e3 = 4C3, e4 = 85 et e5 = 8aS3 to obtain

; ouit
=i e < C( X Bl =Sl + Y. Y Al 1||Lz

KeTh KeTh e€€(k)

+ Z il fn 4 Auptt = N, [PPugtt = aup™t = wp)l[7 2k
KeTh

» . 5

3 lh =R+ D g =l ) + ol o

KeTh KeTh

and then

[ — e < O (08)" + HilF = Fullfao)® + (30 (1) )%).

KeTy KeTn

We conclude the proof of the theorem.
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We address now the efficiency of the previous indicators.

Theorem 4.4. Lower bound. For each K € Ty, there holds

W 1,5,

luh, — vl + [ w

nK,z S —u
D i L
ne) < 0N (=i e+ 0l + b F = fn 2 )

KCWwWik
where wg 1s the union of the triangles sharing at least one edge with K.

Proof. The estimation of the linearization indicator follows easily from the triangle inequality by intro-

ducing u in n%i We now estimate the discretization indicator 77&52 . We proceed in two steps:

(i) We start by adding and subtracting )\/ lui T ?Pultludx in (4.6). Taking vy, = 0, we derive
Q
S [ (e A NP -l - g
K

KeTh
:/QV(u—u;‘fl)Vvdx— Z /K(f—fh)vdx

KeT,

+§ Z Z e[ (‘3};1 Jodr + )\/Q(\u|2pu — Jup T PPuit vdx
KeTh, ec€(K)
+)\/ u#l(|u?1|2p — |ul P vdx — « Z / (u?fl — u} vdx.
@ KeT, 7 K
We choose v = vi such that
e = L Unt BaT =M PP —a(™ —up)px in K
0 inQ\ K
where 1 is the triangle-bubble function.
Using Cauchy-Schwarz inequality, (2.1), (4.1) and (4.2) we obtain
I fo+ Autt = A Prustt — a(ui* — ul) 12
S@HAC | FIP0) u—uf ke loklig+ | F = fullzeao )l vk o
A || uf, = up™ (s foxcln i+ alluy™ =2 [Jore |2 (i)
(D)

Therefore, we derive the following estimate of the first term of the local discretization estimator 7y

e || fo 4 Aup™™ = Mg [PPupt™ — au,t —ul) |2 ) (4.10)
<O u—uft g +hx || f = fn leze) + Cnse).

(ii) Now we estimate the second term of 77%:2 . Similarly, using (4.9) we infer

DN

KeTh ec€(K) 7€

8u2+1 i1
o Jvdr = A V(up™ —u)Vodx

#30 [ D A PP — (- wi)odx+ [ (7 = v
KeT, VK Q@
—)\/(|u2+1|2pu2+1 - |u§l|2pu2+1)vdx—)\/(|u|2pu— [uit 2P udx + o Z /(u’};|r1 — ul vdx.
Q Q et VK
(4.11)
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We choose v = v, such that

LSK

Ve = '

() veon
0 inQ\ (KUK

where 1), is the edge-bubble function, K’ denotes the other element of 7} that share e with K (the
operator L. g was introduced above Proposition 4.2).

Using Cauchy-Schwarz inequality, (2.1), (4.3) and (4.4) we derive

1/2 8“;?1 i
he'= |l [ J 72 A+ AC | £ 1P 0) I w—uj,

[ ve [IL2(e)

+he | f = fullz2(xurn || ve ||L2(e) the || fo+ Auptt = Mug [PPup™ — a(up™ — ) 2o || ve |22

—|—C'(etaK gt 77K’ ‘)”Ue“Lz(e
(4.12)
Collecting the two bounds above leads to the following estimation

ne) <C ST (lu =l M+ 057 + b | £ = S 2y )

KCwi

These estimates of the local linearization and discretization indicators are fully optimal.

4.2. Algorithm (1.6). The same calculation is followed as before but in (4.6) and (4.7) we have

a Z / ui™ — uf)Vo instead of « Z / i1 — uj)v. We are led to define the modified dis-

KeTn KeTs,
cretization error indicator ﬁK’i) by
(D _
(Me)? = Bl + Auptt = Muj PPt + al (i — )|
ouitt O(uitt ul)
+ Y Rl —aS R R,
e€€(K)

The rest of the calculation is similar. We skip the proofs since they are exactly the same as for Theorems
4.3 and 4.4.

Theorem 4.5. Upper bound. Let uffl and u be the solution of the iterative problem (1.6) and the exact
problem (2.2) respectively. We have the following a posteriori error estimate

™ —uhe < C(CX (@D + 0% 1 F = Bago) ™+ (D D))

KeTn KeTh

Theorem 4.6. Lower bound. For each K € Ty, there holds

lujy =l + | ™

1
C Y (Ju—uyt

KCwWi

=3
=
VANV

o+ | f = F e ).

where wi s the union of the triangles sharing at least one edge with K.

5. NUMERICAL RESULTS

In this section, we present numerical experiments for our nonlinear problem. These simulations have been
performed using the code FreeFem-++ due to F. Hecht and O. Pironneau, see [6]. For all the numerical
investigations and for simplicity, we use the finite element of degree £ = 1.
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5.1. A priori estimation. We consider the domain Q =] — 1,1[?, each edge is divided into N equal
segments so that € is divided into N? equal squares and finally into 2N? equal traingles . We consider
the theoretical solution u = e=5(="+%).

For the convergence, we use the classical stopping criterion err;, < 107°, where erry, is defined by

it —ul |10

Ju .o
We consider A = 10, p = 50 and N = 50. Table 1 shows the error
Err = 7‘7% —ula
|ul1.0

which describes the convergence of the algorithms (1.5) and (1.6) with respect of a. We remark that the
algorithm (1.5) converges for oo > 21.82 and the algorithm (1.6) converges for av > 0.77.
In order to compare our algorithms (1.5) and (1.6) with (1.4), Table 2 shows the convergence for N = 50

o 0.01 0.5 0.76 0.77 1 10

Algo (1.5) | div div div div div div

Algo (1.6) | div div div 0.0581902 | 0.0581908 | 0.0581905
o 20 21.81 21.82 22 50 100
Algo (1.5) | div div 0.0581906 | 0.0581904 | 0.0581897 | 0.0581886
Algo (1.6) | 0.0581906 | 0.0581907 | 0.0581907 | 0.0581907 | 0.0581919 | 0.0581973

TABLE 1. Convergence of algorithms (1.5) and (1.6) with respect of «.

and a fixed a = 22 in our algorithms. In fact, for big values of A and p, the algorithm (1.4) diverges. We
mention that for A and p where (1.5) and (1.6) diverge, we must take a bigger values of « to obtain the
convergence. Figure 1 shows in logarithmic scale the error Err with respect to A (algorithm 1.5 in the left

A=1 A=2 A=5 A=5 A=10
p=1 p=10 p=10 p =50 p=10
Algo (1.4) | 0.0581392 | 0.0580725 | div div div

Algo (1.5) | 0.0580467 | 0.058072 | 0.0581392 | 0.0581284 | 0.0582106
Algo (1.6) | 0.0580458 | 0.0580717 | 0.0581399 | 0.0581292 | 0.0582111

A=10 A=10 A =150 A =100 A =100
p =50 p =100 p =50 p =50 p =100
Algo (1.4) | div div div div div

Algo (1.5) | 0.0581904 | 0.0581759 | div div div

Algo (1.6) | 0.0581907 | 0.0581764 | 0.0582894 | 0.0583124 | 0.0582956
TABLE 2. Comparison of the convergence of algorithms (1.5), (1.6) (for o = 22) with (1.4).

and algorithm 1.6 in the right). The slope of the error corresponding to (1.5) and (1.6) are respectively
0.92 and 0.96, which validates Theorem 3.2.



log10(Err)

-1.35

-1.55

CONVERGENCE ANALYSIS OF

-185

-18

175

-7

-L65

log10(Err)

TWO NUMERICAL SCHEMES

12

-1

-L.35

-145

-1.55

13

-1.85

-1.8

175

-L.65

log10(h=1/N) log10(h=1/)

FIGURE 1. A priori error with respect of h = 1/N : left (algo 1.5) and right (algo 1.6).

5.2. A posteriori analysis. In this section, we test our a posteriori error estimates on our model prob-

lem. We consider the same domain 2 with the theoretical solution now given by v = e~100(*+4*) " and
we choose A = 10 and p = 50.
In [2] and for the adaptive strategy, we define the global indicators (introduced in [5]):
(D) (D)\2 2 (L) (L))2 2
= < Z (77K,i) ) and 7, = ( Z (nK,i) ) )
KeTy, KeTy
and we introduce two kinds of stopping criteria :
nZ(L) < 10™® Classical stopping criterion , (5.1)
and
nl(L) < fml(D) New stopping criterion , (5.2)

where 7 is a parameter which balances the discretization and linearization errors. We studied in [2] the
comparison between these two types of stopping criterion and we showed the efficiency of the new one
which is considered in this paper with v = 0.001.

For our numerical investigations, we follow the algorithm described in [2]. The evolution of the meshes
with the new stopping criterion looks like the figures 3 and 4 in [2]. We note that for A = 10 and p = 50,
the algorithm (1.4) diverges.

Figure 2 gives a comparison in logarithmic scale of the error between the uniform and adaptive methods
using the algorithms (1.5) and (1.6) with respect of the number of vertices. We can easily see that the
algorithms (1.5) and (1.6) give comparable results but the adaptive method is more powerful than the
uniform one.

Table 3 shows comparisons, for approximatively the same precision, of the CPU time between the algo-
rithm (1.5) and (1.6) with respect of a. We remark that algorithm (1.5) is faster than (1.6).

In order to have an idea of the constant on the upper bound in theorem 4.3, Table 4 shows the repartition
of the error Err and the sum of the indicators

("2 + @)
fuli.o [u

i

erry =

b
1,0

during the refinement level and after the convergence on each one. Even if the errors regularly decrease
(for instance from 1 to 0.14 for erry) with respect to the number of adaptive refinement levels which is
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02k

04 -

-0.6

08—

Log10(Err)

T
Adaptive (1.5) ——
Adaptibe (1.6)
Uniform (1.5) ——
Uniform (1.6) ©

26 2.8
Log10(Number vertices)

FIGURE 2. Error versus number of vertices in logarithmic scale for adaptive and uniform
methods with algorithms (1.5) and (1.6).

« 22 30 40 50

Algo (1.5) | time=5.186 s time=4.952 s time=5.505 s time=5.51 s
error=0.0487858 | error=0.0484306 | error=0.048256 | error=0.0478781

Algo (1.6) | time=56.625 s time=59.499 s time=66.231 s time=61.268 s
error=0.0475732 | error=0.0486143 | error=0.0469877 | error=0.0494427

TABLE 3. Comparison of the precision and the CPU time between the algorithm (1.5)
and (1.6) with respect of a.

erry
Itn  Err erry = Tr
1 0.426417 1.31249  3.07796
2 0.169927  0.524469 3.08644
3 0.138091  0.372655 2.69862
4 0.093948  0.278664 2.96615
5 0.0806374 0.222064 2.75386
6 0.063787  0.186245 2.91979
7 0.0583991 0.160167 2.74262
8 0.049479  0.14235  2.87698

Itn Err

erry

o — Err

0.443195
0.175596
0.143715
0.0959932
0.0848493
0.0643159
0.0577646
8 0.0474228

N O Ok W N

1.29673

0.536429
0.38263

0.290036
0.229053
0.191061
0.157273
0.137726

2.92587
3.05491
2.66242
3.02142
2.69953
2.97066
2.72265
2.90422

TABLE 4. Repartition of errors and indicators during the refinement levels (Itn) : Left
(algorithm (1.5)) and right (algorithm (1.6)).

consistent with adapted mesh method, the constant remains stable and can be approximated by 2.85.
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