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Discretization error cancellation in electronic structure calculation:
toward a quantitative study

Eric Cances' Genevieve Dusson?

June 2, 2017

Abstract

It is often claimed that error cancellation plays an essential role in quantum chemistry and first-
principle simulation for condensed matter physics and materials science. Indeed, while the energy of a
large, or even medium-size, molecular system cannot be estimated numerically within chemical accuracy
(typically 1 kcal/mol or 1 mHa), it is considered that the energy difference between two configurations
of the same system can be computed in practice within the desired accuracy.

The purpose of this paper is to initiate the quantitative study of discretization error cancellation.
Discretization error is the error component due to the fact that the model used in the calculation (e.g.
Kohn-Sham LDA) must be discretized in a finite basis set to be solved by a computer. We first report
comprehensive numerical simulations performed with Abinit [14, 15] on two simple chemical systems,
the hydrogen molecule on the one hand, and a system consisting of two oxygen atoms and four hydrogen
atoms on the other hand. We observe that errors on energy differences are indeed significantly smaller
than errors on energies, but that these two quantities asymptotically converge at the same rate when
the energy cut-off goes to infinity. We then analyze a simple one-dimensional periodic Schrédinger
equation with Dirac potentials, for which analytic solutions are available. This allows us to explain the
discretization error cancellation phenomenon on this test case with quantitative mathematical arguments.

AMS subject classifications: 65N25, 35P15, 65G99, 81-08
Key words: FElectronic structure calculation; Schrédinger operators; Error analysis

1 Introduction

Error control is a central issue in molecular simulation. The error between the computed value of a given
physical observable (e.g. the dissociation energy of a molecule) and the exact one, has several origins.
First, there is always a discrepancy between the physical reality and the reference model, here the N-body
Schrédinger equation, possibly supplemented with Breit terms to account for relativistic effects. However, at
least for the atoms of the first three rows of the periodic table, this reference model is in excellent agreement
with experimental data, and can be considered as exact in most situations of interest. The overall error is
therefore the sum of the following components:

1. the model error, that is the difference between the value of the observable for the reference model,
which is too complicated to solve in most cases, and the value obtained with the chosen approximate
model (e.g. the Kohn-Sham LDA model), assuming that the latter can be solved exactly;
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2. the discretization error, that is the difference between the value of the observable for the approximate
model and the value obtained with the chosen discretization of the approximate model. Indeed, the
approximate model is typically an infinite dimensional minimization problem, or a system of partial
differential equations, which must be discretized to be solvable by a computer, using e.g. a Gaussian
atomic basis set, or a planewave basis;

3. the algorithmic error, which is the difference between the value of the observable obtained with the
exact solution of the discretized approximate model, and the value computed with the chosen algorithm.
The discretized approximate models are indeed never solved exactly; they are solved numerically by
iterative algorithms (e.g. SCF algorithms, Newton methods), which, in the best case scenario, only
converge in the limit of an infinite number of iterations. In practice, stopping criteria are used to
exit the iteration loop when the error at iteration k, measured in terms of differences between two
consecutive iterates or, better, by some norm of some residual, is below a prescribed threshold. If the
stopping criterion is very tight, the algorithmic error can become very small, ... or not! For instance,
if the discretized approximate model is a non convex optimization problem, there is no guarantee that
the numerical algorithm will converge to a global minimum. It may converge to a local, non-global
minimum, leading to a non-zero algorithmic error even in the limit of an infinitely tight stopping
criterion;

4. the implementation error, which may, obviously, be due to bugs, but does not vanish in the absence of
bugs, because of round-off errors: in molecular simulation packages, most operations are implemented
in double precision, and the resulting round-off errors can accumulate, especially for very large systems;

5. the computer error, due to random hardware failures (miswritten or misread bits). This component of
the error is usually negligible in today’s standard computations, but is expected to become critical in
future exascale architectures [24].

Quantifying these different sources of errors is an interesting purpose for two reasons. First, guaranteed
estimates on these five components of the error would allow one to supplement the computed value of the
observable returned by the numerical simulation with guaranteed error bars (certification of the result).
Second, they would allow one to choose the parameters of the simulation (approximate model, discretization
parameters, algorithm and stopping criteria, data structures, etc.) in an optimal way in order to minimize
the computational effort required to reach the target accuracy.

The construction of guaranteed error estimators for electronic structure calculation is a very challenging
task. Some progress has however been made in the last few years, regarding notably the discretization
and algorithmic errors for Kohn-Sham LDA calculations. A priori discretization error estimates have been
constructed in [3] for planewave basis sets, and then in [8] for more general variational discretization methods.
A posteriori error estimators of the discretization error have been proposed in [5, 7, 19]. A combined
study of both the discretization and algorithmic errors was published in [4] (see also [11]). We also refer
to [26, 9, 10, 23, 25, 17, 22, 30, 31, 33] and references therein for other works on error analysis for electronic
structure calculation.

In all the previous works on this topic we are aware of, the purpose was to estimate, for a given nu-
clear configuration R of the system, the difference between the ground state energy Egr (or another ob-
servable) obtained with the continuous approximate model under consideration (e.g. Kohn-Sham LDA)
and its discretized counterpart denoted by Er n, where N is the discretization parameter. The latter is
typically the number of basis functions in the basis set for local combination of atomic orbitals (LCAO)
methods [18], the inverse fineness of the grid or the mesh for finite difference (FD) and finite element (FE)
methods [16, 34, 29, 28], the cut-off parameter in energy or momentum space for planewave (PW) discretiza-
tion methods [14, 12, 21], or the inverse grid spacing and the coarse and fine region multipliers for wavelet
(WL) methods [27]. In variational approximation methods (LCAO, FE, PW, and WL), the discretization
error Ep v — ER is always nonnegative by construction. In systematically improvable methods (FD, FE,
PW, and WL), this quantity goes to zero when N goes to infinity with a well-understood rate of convergence



depending on the smoothness of the pseudopotential (see [3] for the PW case). However, in most applica-
tions, the discretization parameters are not tight enough for the discretization error to be lower than the
target accuracy, which is typically of the order of 1 kcal/mol or 1 mHa (recall that 1 mHa ~ 0.6275 kcal /mol
~ 27.2 meV, which corresponds to an equivalent temperature of about 316 K). It is often advocated that this
is not an issue since the real quantity of interest is not the value of the energy Er for a particular nuclear
configuration R, but the energy difference Er, — Er, between two different configurations Ry and Rs. It is
indeed expected that

|(Eg, N — Er, N) — (ER, — ER,)| < |Er, N — ER,| + |ER, N — ER,|

that is, the numerical error on the energy difference between the two configurations is much smaller than
the sum of the discretization errors on the energies of each configuration. This expected phenomenon goes
by the name of (discretization) error cancellation in the Physics and Chemistry literatures.

Obviously, for variational discretization methods, ERr;, N — Eg; > 0 so that both discretization errors
have the same sign, leading to

|(Er, N — Er, N) — (ERr, — ER,)| = |(ER, v — ER,) — (ER,,N — ER,)|
<max (Eg, N — Er,, Er,, N — ER,),

but this does not explain the magnitude of the error cancellation phenomenon. The commonly admitted
qualitative argument usually raised to explain this phenomenon is that the errors Eg, v — Egr, and Egr, v —
Epr, are of the same nature and almost annihilate one another.

The purpose of this article is to provide a quantitive analysis of discretization error cancellation for PW
discretization methods. First, we report in Section 2 two systematic numerical studies on, respectively, the
hydrogen molecule and a simple system consisting of six atoms. For these systems, we are able to perform
very accurate calculations with high PW cut-offs and tight convergence criteria, which provide excellent
approximations of the ground state energy Er. We then compute, for two different configurations R; and
R, the error cancellation factor

(BryN = Ery ) = (Er, — Ery)| _
|Er,,N — ER,| + |Ery N — ER,| —

0< QN :=

We observe that this ratio is indeed small (typically between 10~2 and 10~! depending on the system and
on the configurations R; and Rs), and that it does not vary much with N. In Section 3, we introduce a toy
model consisting of seeking the ground state of a one-dimensional linear periodic Schrédinger equation with
Dirac potentials:

d? 1
<_dx2 - Z Z10m — Z 225m+R> ur = ERug, / uk(x)de =1,
0

meEZ meZ

for which we can prove that the error cancellation factor @y converges to a fixed number 0 < Q. < 1
when N goes to infinity. Interestingly, it is possible to obtain a simple explicit expression of ().,, which only
depends on z1, z and on ug, (0)?, ur,(0)?, ur, (R1)%, ur, (R2)?, i.e. on the values of the densities pr, = u%,
and pgr, = u%z at the singularities of the potential.

An alternative way to estimate the error on the energy difference between two configurations Ry and Ro
is to integrate the error on the atomic forces on a smooth path linking R; and R;. We conclude Section 2
by showing that the latter approach is not efficient in general.

2 Discretization error cancellation in planewave calculations

We present here some numerical simulations on two systems: the Hy molecule and a system consisting of
two oxygen atoms and four hydrogen atoms. The simulations are done in a cubic supercell of size 10x10x 10



bohrs with the Abinit simulation package [14, 15]. The chosen approximate model is the periodic Kohn-Sham
LDA model [20] with the parametrization and the pseudopotential proposed in [13]. Note that, in this work,
we consider the approximation consisting of replacing the original problem set on the whole space R? with a
problem set on a cubic supercell with periodic boundary conditions as a model error. Alternatively, this error
could be regarded as a discretization error: the supercell problem can indeed be seen as a non-consistent,
non-conforming approximation of the original problem set on the whole space (see [6], in which this point of
view was adopted to study the case of a local defect embedded in a perfect crystal).

For each configuration R, we compute a reference ground state energy Eg taking a high energy cutoff
E.yt = 400 Ha. We then compute approximate energies for N = E, varying from 5 to 105 Ha by steps of
5 Ha. The so-obtained energies are denoted by Fr .

For two given configurations Ry and Ry of the same system, we compute Sy, the sum of the discretization
errors on the energies of the two configurations (note that Er n — Er > 0 since PW is a variational
approximation method), and Dy, the discretization error on the energy difference:

SNy = (ERr, N — ER,) + (Er, N — ER,) and Dy = |[(Eg, N — Er, n) — (ERr, — ER,)l,

as well as the error cancellation factor

_ Dy _ [(Er,.N = Er,.n) = (Er, — Eg,)|
SN (ER, N — ERr,) + (ERr,,N — ERr,)

The two chemical systems considered in this section are very simple. We can therefore safely assume that for
each configuration, our numerical simulations provide good approximations of the Kohn—Sham ground state.
Besides, very tight convergence criteria are used, so that algorithmic errors are negligible. Implementation
and computer errors are not expected to be significant in this context.

@n

2.1 Ground state potential energy surface of the H, molecule

In all our calculations, the Hs molecule lies on the x axis and is centered at the origin. The parameter R is
here the interatomic distance in bohrs.

We numerically observe that Dy is smaller than Sy by a factor of 10 to 100, and that the error cancellation
factor @Qu is smaller when the two interatomic distances are close to each other (R; ~ Rg). Morevoer, Qx
is almost constant with respect to the cut-off energy N.

In Figure 1, we present detailed results for two different pairs of configurations. On the top, the con-
figurations are rather close since the interatomic distances are R; = 1.464 and Ry = 1.524 bohr. For
this approximate model, the equilibrium distance is about Req ~ 1.464 bohrs (the experimental value is
RegP ~ 1.401 bohrs). The energy difference is better approximated by a factor of about 50 compared to
the energies (Qn ~ 0.02). Moreover the log-log plots of Sy and Dy are almost parallel, which suggests
that there is no improvement in the order of convergence when considering energy differences instead of
energies; only the prefactor is improved. This is confirmed by the plots of the error cancellation factor @y,
showing that this ratio does not vary much with V. On the bottom, the configurations are further apart.
The interatomic distances are Ry = 1.344 and Ry = 1.704 bohrs. We observe a similar behavior except that
the error cancellation phenomenon is less pronounced (Qn =~ 0.1).

We then compare in Table 1 the values of Sy and Dy for different pairs of configurations and for two
values of N = FE.,: a rather coarse energy cut-off N = 30 Ha, and a quite fine one N = 100 Ha. One
configuration is kept fixed (R; = 1.284 bohrs), while the second one varies from Ry = 1.344 bohrs (close
configurations) to Ry = 1.764 bohrs (distant configurations). We also report, for each pair of configurations,
the minimum, maximum, and mean values of QQ over the different tested energy cutoffs 5 < N < 105 Ha.
We also observe that @ increases with Ry — Ry on the range Ry = [1.344,1.764].

2.2 Energy of a simple chemical reaction

In this section, we consider the energy difference between two very different configurations of a system
consisting of two oxygen atoms and four hydrogen atoms. The first configuration, denoted by R;, corresponds
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Figure 1: Convergence plots of the quantities Sy and Dy (left) and of the error cancellation factor Qn =
Dy /Sy (right) for two different pairs of interatomic distances for the Hs molecule. Top: Ry = 1.464 and
Ry = 1.524 bohrs. Bottom: R; = 1.344 and Ry = 1.704 bohrs.

to the chemical system 2 HyO (two water molecules) and the second one, denoted by Rs, to the chemical
system 2 Hy + O, all these molecules being in their equilibrium geometry (see Figure 2). The energy
difference between the two configurations thus provides a rough estimate of the energy of the chemical
reaction

2H2—|—02 — 2H20

We can observe on Figure 3 and Table 2 a similar behavior as for Hy, but with a better error cancellation
factor (Qn ~ 0.005).

3 Mathematical analysis of a toy model

We now present a simple one-dimensional periodic linear Schréodinger model for which the discretization error
cancellation phenomenon observed in the previous section can be explained with full mathematical rigor.
We denote by
L2 = {u€ L} (R) | uis 1 — periodic}

per

the vector space of the 1-periodic locally square integrable real-valued functions on R, and by
u € L?

ber }

the associated order-1 Sobolev space. For two given parameters z1, zo > 0, we consider the family of problems,

Hl,={uel?

per per




Ry Ry Sn=30 | Dn=30 || Sn=100 | Da=100 || min(Qn) | max(Qx) | mean(Qy)
1.284 | 1.344 9.410 0.1985 0.09157 | 0.00112 0.0103 0.0340 0.0212
1.284 | 1.404 9.268 0.3408 0.08990 | 0.00279 0.0216 0.0633 0.0413
1.284 | 1.464 9.160 | 0.4491 || 0.08772 | 0.00497 0.0375 0.0895 0.0610
1.284 | 1.524 9.065 0.5436 0.08552 | 0.00717 0.0544 0.1107 0.0802
1.284 | 1.584 8.969 | 0.6394 || 0.08380 | 0.00889 0.0713 0.1285 0.0985
1.284 | 1.644 8.863 0.7456 0.08274 | 0.00995 0.0841 0.1455 0.1151
1.284 | 1.704 8.744 | 0.8646 | 0.08213 | 0.01056 0.0983 0.1642 0.1302
1.284 | 1.764 8.615 0.9937 0.08154 | 0.01115 0.1072 0.1802 0.1440

Table 1: Comparison of Sy, Dy and Qy for different atomic configurations of the Hy molecule. Distances
are in bohrs, energies in mHa.

L
hoA b M 4 o 4 N w A o

55 0 5

Figure 2: Graphical representation of the two atomic configurations whose energies are compared. Oxygen
atoms are in green, hydrogen atoms in black.

indexed by R € (0,1), consisting in finding the ground state (ur, Eg) € H}., x R of

d2
(d.’L‘2 — Z Zlém — Z 225m+R> UR = ERUR,

meZ mEZ

1 1)
/ uh(z)de =1, wup >0,
0

where §, denotes the Dirac mass at point a € R. A variational formulation of the problem is: find the ground
state (ugr, Eg) € H},, x R of

Yo € H.., /0 up(x)v(z)dr — 21ur(0)v(0) — zoug(R)v(R) = ER/O ug(z)v(z)dr,

1 (2)
/ uh(z)dr =1, ug > 0.
0

Remark 1. The ground state eigenvalue Eg is negative. Indeed, using the variational characterization of
the ground state energy, we get

1
/ v (z)?dx — 210(0)* — 29v(R)?
Er = min 0

_UGHécr\{O} 1v2x "
| v

<0,
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Figure 3: Convergence plots of the quantities Sy and Dy (left) and of the error cancellation factor Qn =
Dy /Sy (right) for the two different configurations displayed on Figure 2.

Sn=30 | Dn=30 || Sn=100 | Dn=100 || min(Qy) | max(Qny) || mean(Qy)
1403 5.726 15.12 0.0485 0.0005036 | 0.008986 0.004640

Table 2: Comparison of Sy, Dy (in mHa) and @y for the two different configurations displayed on Figure 2.

since the Rayleigh quotient is equal to —z1 — zo < 0 for the constant test function v = 1.
Denoting by kr = /—ERg, we have

ug(z) = Aekr® + Be~kre, Vz € [0, R], (3)
ugr(r) = CeFr® 4 De~kre, Vz e [R—1,0),

where A, B, C, and D are real-valued constants. Since the function ug is 1-periodic and continuous on R
and its derivative satisfies the jump conditions vz (m + 0) — uz(m — 0) = —zyur(m) and vz(m + R +0) —
up(m+ R —0) = —zoug(m + R) for all m € Z, the coefficients A, B, C, D solve the linear system

1 1 -1 -1 A 0

ek,RR e—k,RR _ek,R(R—l) _e—kR(R—l) B O

kr + =1 —krp+ = —kr kr C - 0
(kg — 20)efRR —(kp + z9)e kRl _Ekpekr(R=1)  kpe=kr(R-1) D 0

M(kr)

The wave vector kg is the lowest positive root of the function k — det(M (k)). The coefficients (A, B, C, D)
are then uniquely determined by the normalization condition ||ug|zz,, = 1 and the positivity of ug. Exact
solutions for two different values of the triplet of parameters (z1, 22, R) are plotted in Figure 4.

An approximate solution of the problem is obtained using the PW discretization method. Denoting by

iJ\kE(C, @\_kza CI{1

per>s

Xy :=Span | vy(x) = g e’k
k€EZ, |k|I<N

the variational approximation of problem (2) in X consists in computing the ground state (ug n, Er,n) €
XN x R of

1 1
V’UN S XN, / U/R,NU§V — ZluR7N(O)’UN(O) — ZguRﬁN(R)’UN(R) = ER,N/ ’LLRJV’UN,
0 0

1 1
/ U%’N:]., / UR,N20~
0 0

(4)



Exact solution z; =25 =1, R=10.2 Exact solution z; = 1,20 =0.5, R=04
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Figure 4: Plot of the exact solutions of (1) for two sets of parameters.

The conditions U_j, = v, in the definition of Xy is equivalent to imposing that the elements of Xy are
real-valued functions. For convenience, the discretization parameter N here corresponds to the cut-off in
momentum space. As above, we consider the error cancellation factor

QN _ ‘(ERI,N - ERQ,N) — (ERl — ER2)| (5)
(Ery,N — Er,) + (ERr,,N — ER,)

associated with the pair of configurations (Ri, Ra).

Note that imposing the condition fol ur,ny > 0, we ensure that the discrete eigenfunction ug n will
approximate the positive eigenfunction up to the continuous problem (1) and not —ug.

Theorem 1 (Asymptotic expressions of the energy error and of the error cancellation factor). For all
21,22 >0 and R € (0,1), we have for all € > 0,

1)

aR Qg RN |, TR 1
FEpy—Ep=-2_ "% , REid
RN -ER= N T on2 TN +N77R’N+O<N3‘6)7 ©
where
22up(0)2 + 22ug(R)? z2122ur(0)ur(R X cos(2rkR
QR = ! R( ) 27’(’22 R( ) ’ YR ‘= e R7(.r2) R( )7 nR,N::N E ( 2 )7

k=N+1

(1) __ﬁuR@XUmNm)—UR@D+ﬂ€WdRXURNUD—URUU)

BN 272
In addition .
24
<min|1, —8
s | < min ( ’ |sin(7rR)|N> ’
and for all € > 0, there exists C. € Ry such that
1 Ce
|B}(%,)N S Nl—g :
As a consequence, we have for all z1,2z2 > 0 and all Ry, Rs € (0,1),
i QNV:|QR1_‘QRA |2t (R, (002 — ug, (0)) + 23 (ur, (B1)? — un, (R2)?)| 1)
N—+o0 R, + R, 2t (ur, (0)2 + ur,(0)?) + 23 (ur, (R1)* + ug, (R2)?)



The proof of the above theorem is given in Appendix. We deduce from (6) that the discretization error
Er n — ER on the energy of the configuration R is the sum of

1. a leading term arN~! of order 1 (in N~1);

2. three terms —1/2arN 2, 51(;))]VN_1, and yp N~ 'ng n which are roughly of order 2;
3. higher order terms which are roughly of order 3 and above.

The leading term azr N ! has a very simple expression and the prefactor ar does not vary much with respect
to R (see Figure 5). This explains the phenomenon of discretization error cancellation. Regarding the second
order corrections on Er n — Er, we have observed numerically (see Figure 6) that

e the terms —%a rIN"2 and yg N~ng n are of about the same order of magnitude in absolute values,
that the former is always negative (since ar > 0), but that the latter can be either positive or negative,
so that the sum of these two contributions can be either significant or negligible;

e the term Bg’)NN —! is smaller in absolute value than the other two terms, and seems to be always
negative. Our numerical calculations indeed show that ug v (0) < ur(0) and ug n(R) < ug(R), which
is not very surprising since the function ug has cusps at points x = 0 and x = R (see Figure 4). These
inequalities have not been rigorously established though.

0.2 (21,22) = (1,0.2)
....... (Zl, 22) — (170_5)
-T - (z1)22) = (171)
0.15 |
01}
5-1072 |
0 I | | |
0 0.2 0.4 0.6 0.8 1

Figure 5: Plots of the function R — ap for three sets of parameters (z1, z3).

Finally, we observe on Figure 7 that Qn converges to the asymptotic value o, when N goes to infinity
very smoothly for large values of R, and with oscillations when R becomes close to zero. Moreover, Qn — Qoo
is of order N2,

Remark 2. The 1D model studied in this section involves Dirac potentials, for which the exact solutions (3),
as well as the lowest-order terms of the discretization error (6), can be computed explicitly. It would have
been possible to use more reqular potentials with explicit solutions, such as piecewise constant potentials for
instance. However, the calculations would have been more tedious than for the Dirac case, and we anticipate
that, qualitatively, the results would have been similar. Loosely speaking, the faster convergence of the energy
difference originates from the fact that the leading term of the error depends on the nuclear configuration,
but not that much. This explains why the convergence rate is not improved, while the prefactor is improved.
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For smoother potentials, as well as for pseudopotentials, it is expected that most of the error on the energy
remains concentrated in the vicinities of the core regions, where, for different nuclear configurations, the
electronic orbitals change, but not much.

Remark 3. Note that a variant of the projected augmented wave (PAW) method [2] was recently studied for
the 1D model considered here [1]: it is shown that the error on the energy has two contributions, the first
one scaling as r*No N~ and the second one as r;pN*(”H), where r¢ is the core radius, Ny the number of
pseudo-orbitals, p the degree of the (polynomial) pseudo-orbitals in the core region, and N the number of
planewaves. However, it is not clear how to use the estimates in [1] to obtain estimates on energy differences.
We intend to investigate this point in the future.

To conclude, let us comment on the alternative approach to estimate the error on the energy difference
between two configurations consisting in integrating the error on the atomic forces along a path in the nuclear
configuration space liking the two configurations. In this simple 1D setting, we have, for R; < Ra,

dER § dEg
— : d Fr:i=——.
dar_ e rR dR

|(ER, N — Er, N) — (ERr, — ER,)| = , where Fiy g =

R2
/ (FR,N 7FR) dR
Ry

The use of a variational method guaranties that the energy error Er y — Er is nonnegative for all N and
all R. On the other hand, the error on the force Fr n — Fr does not have a constant sign (it integrates to
zero on the interval [0, 1]), so that, in general,

Ry
|(Ery,N — ER,.~n) — (ER, — ER,)| = < / |Fr.N — Fr|dR.

Ry
/ (Fax — Fp) dR
R

Ry

10
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Figure 7: Plot of Qn — Qo for three values of R.

The left hand-side of the above inequality can a priori be much smaller than the right hand-side. In this
case, using bounds on the error on the forces would lead to a dramatic overestimation of the error on the
energy difference. This is confirmed by our numerical simulations. The functions

Ra
and (Ry, Rg) — |Fr,y — Fr| dR, (8)
Ry

R2
(Rl,RQ)'—) / (FR,N_FR) dR

Ry

plotted in Figure 8, are very different and the latter one is not a good approximation of the former one.
Another interesting observation is the following. Numerical simulations show that the forces converge at the

1074 1073
1 1
. WP el N
5 FE .
0.6 0.6 - 4
sy < -
04| 2 04
0 ' T
-+ -, .F |
0 0z 04 06 08 1 0 % 04 06 08 1 0
Ry R’y

Figure 8: Colorplots of the functions defined in (8). The forces were computed with centered finite difference
with step size 1076 and the integrals with Simpson’s rule with step length 10~2, chosen equal to the resolution
of the figure.

same rate as the energy, i.e. in 1/N (see Figure 9), and that, for each value of N in the range [10,100], the

11



derivatives of the functions

R—Ern—FEr and R— xpN'i=—-—F— 75+

agree up to very small correction terms. Nevertheless, the derivative of the fourth term in xp n (i.e. of
'anR,NN’l) can be much larger than the derivative of the first term (i.e. of aRN’l). The leading term
of the error on the force is therefore not in general (minus) the derivative of the leading term of the energy
error. In Figure 10, the above functions are plotted for N =10 (top) and N = 100 (bottom).

107t

[ 1

| -1

- dER,N dERr

102 F Re(010.9| dR  dR

[ R (Ig.%xo.m(ER’N ~Er)

[ 1

| -1
1073 F

S L

10t 10?

Figure 9: Convergence of the errors on the energy (in red) and on the forces (in blue).

4 Appendix: proof of Theorem 1

In the sequel, z; and z, are fixed positive real numbers. We endow the functional spaces Lfm and Hécr with
their usual scalar products

er

1
<u|v>lem ::/ u(z)v(z)dr and <u|v>Hl%Cr = <U|U>L§cr -|—<u'|vl>Lg .
0

More generally, we endow the Sobolev space

HSer = {v(x) = Zﬁke%”’”

kEZ

B €C, Top =, 3 (L+ (27k)2)°*[Bl” < oo},
kEZ

s € R, with the scalar product defined by

(ulo)rms,, = 3 (1 + (27k)2)° Ty B
kEZ

Note that the above two definitions of (u|v)y1 = coincide and that HO =12

per per*

We also denote by IIy the
orthogonal projection on Xy for the L2 , (and also H?, ) scalar product and by II3; = 1 — I y.

per per

We first recall some useful results on the convergence of (ug n, Fr n) to (ur, Er).

12
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Figure 10: Plots of the functions R +— d]f{’;{”v — dz’;{”v and R — d’fﬁé” , and of the derivative of each of
the four components of xg n, for N = 10 (top) and N = 100 (bottom). The derivatives were computed
numerically by centered finite differences with step size 1076.

Lemma 1. Let R € (0,1). Let (ugr, ERr) be the ground state of the continuous problem (2), and (un g, Er.n)
be a ground state of the discretized problem (4). Then, for alle > 0 and all0 < s < 3/2, there exists Cs . € Ry

such that
Cs.e

|lur,N — URHHper W (9)
In addition, there exist 0 < ¢ < C' < 0o such that
cllury —urlli,, < Ery — Er < Clupy —urlf, (10)

13



and for all € > 0, there exists C. € Ry such that

C.
Nle

lur,n(0) = ur(0)| + [ur,N(R) — ur(R)| < (11)

Proof. We denote by C?__ the space of continuous 1-periodic functions from R to R endowed with the norm

per
defined by
Yu e C?

perr  llullcy,, = max [u(z)].

Recall that HS,, is continuously embedded in CY,. for all s > 1/2. In particular, H}, < C’ger and there

per per per

exists K € R, such that

3/4 1/4
Vu€ Hye, Nullcg, < Klullgos < Kllull3) llul % . (12)

per

In particular, the bilinear form

per per»

Y(u,v) € H:, x H! ar(u,v) = /0 u'v" — z1u(0)v(0) — 20u(R)v(R)

is well-defined, symmetric, and continuous on H!  x H! . and we have

per per»

Yu € Hpep ap(u,u)

Y

3/2 1/2
lullfsy,, = G+ 22) K2 full3y llull s = luls,
1 27
iy, — (14 30+ 20K ) Il

Su aR(u, u) € R therefore is bounded below and
associated to ag(,-) (see e.g. [32, Theorem

Y

using Young’s inequality. The quadratic form H per
closed. We denote by Hg the unique self-adjoint operator on L?
VIII.15]). Formally,

per

HR=—7—2125 —Z2Z5m+R

meZ meZ
The domain of Hg being a subspace of H, per, which is itself compactly embedded in Lper, the spectrum of
Hp, is purely discrete: it consists of an increasing sequence of eigenvalues of finite multiplicities going to +oo.
It is easily seen that its ground state eigenvalue Ep is simple. Let us denote by pur > 0 the gap between the
lowest two eigenvalues of Hr. A classical calculation shows that
Er N — Er = ar(ur,N —ug,ur,N —ur) — Er|lupn — “RH%}%H
= (up,N|Hg|lug,n) — ER.
First, since Fr < 0, we have

Ern — Er <ar(up,n —ur,ur,Ny —ur) < Mg|lupn — UR||?{1§M7

where Mp is the continuity constant of ag, which proves the second inequality in (10). Second, since
lurllrz,, = [lurn|rz, =1, we have on the one hand
)~ En

per er

Er N — Er = (up,n|HrlurN) — Er > (ERIWR,NIUR)Lg .

>+ (Er + pr) (1 — urnlur)rz,,
_ _ HR 2
= IR (1 — [(ur,n|ur)rz,,| ) 2 IR (1 — (ur,N|ur)L per) = 7||“R,N —urlzz

and, on the other hand,

1 27
Enn = Br > Glluny = urliy, — <1 + (et 20) K8 + ER> lurn —urlZs -

14



Combining the above two inequalities yields the first inequality in (10). Hence, (10) is proved.
We deduce from the min-max principle that for each vy € X such that [[vn||rz,, =1, we have

Er N — Er <agr(vny,vn) — Er = ar(vny — ur,vn —ur) — Egr|on — UR||2L§Cr
< (Mg = ER) |lox — urll3 -
Since 21 ) ,,c70m + 22D ez Omir € Hp_clr/2_6 for all € > 0, we have that ur € Hg’éf_e. Applying the above

estimate to vy = [|[IIyug|;s Hnug, we get Epy — Eg < NCT Combining with (10), we obtain (9) for
Zor

5 = 1. Together with (12), this implies in addition that (ugr n)nen converges to ug in Cj,. Since
—up n = z1ug N (0)y (Z 5m> + zoup, N (R)IIN <Z 5m+R> + ER NUR,N,
keZ k€eZ

and the right hand-side converges to —u’, in H;elr/z_e for all € > 0, the sequence (up n)nNen converges to

uR in HSQE* for all € > 0. By interpolation, we then obtain (9) for all 1 < s < 3/2. We finally obtain (9)
for s = 0 by a classical Aubin-Nitsche argument, and we conclude by interpolation that the result also holds
true for all 0 < s < 1.

To prove (11), we infer from the Sobolev embedding Héérzﬁ — CY

per»

that
lur,n(0) = ur(0)| + [ur,N(R) — ur(R)| < 2|lur,n — urllcs,, < 2C!|ur,n — ur gryoe,

and we conclude using (9) with s =1/2 + €. O
The following lemma provides an expression of the leading term of the energy difference Er v — Eg.

Lemma 2. Let 21,22 > 0. Let R € (0,1). Let (ugr, Er) be the ground state of the continuous problem (2),
and (up N, Er n) be a ground state of the discretized problem (4). Then, for all € > 0,

ER,N — Er = zluRW(O)(H]LVuR)(O) + ZQ’U,R7N(R)(H]LVUR)(R) + o0 <]\f;’>le> R (13)

when N goes to +00.

Proof. The variational formulation (2) with v = ug n gives

1 1
o / e / iy ity — 2y (0)ur(0) — zaup n (R)ur(R).
0 0

The variational formulation (4) with vy = IIyug gives

ER’N/O UR,N(HNUR):/O u}iN(HNuR)’—zluRyN(O)(HNuR)(O)—ZQuR,N(R)(HNuR)(R).

1 1
Subtracting these two equalities, and noting first that / up,N(IInugr) = / ur,NUR, and second that
0 0

1 1
/ up y(Iyugr) = / Up NUR, since up v € Xy and the orthogonal projection Iy and the derivation
0 0

commute, we get

1
(Er,N — ER) /0 ur,vur = 21U N (0)(Ixur)(0) + 22up v (R)(Hyur)(R).

15



1
Moreover, since u% = u% v = 1, we have
) R R,N ’
0 0

1 1, 14, 1 2
UR,NUR:1_§ UR_§ UR,N~ + UR,NUR:1_§||UR,N_URHL2 :
0 0 0 e

Hence,

1
(Ern — ER) (1 —5llury - UR||2Lger> = z1up,n (0)(yug)(0) + 22ur N (R) (Mxyur)(R).

Using estimates (9) for s = 0 and (10), we obtain that for all € > 0,

1
N3—E> ,  when N — +o0.

1
1= Jluny — unlify, =1+

This concludes the proof of Lemma 2. O

The following lemma provides an explicit expression of the quantities (IIx;uz)(0) and (Hxug)(R) ap-
pearing in (13).

Lemma 3. Let z1,22 > 0. For all R € (0,1), all N € N, and all z € R,

+o0
(fug)(z Z m (z1ur(0) cos(2mkx) + zoupr(R) cos(2wk(z — R))) . (14)
k=N+1

Proof. In order to estimate (HﬁuR)(;v), we first need to compute the Fourier coefficients of ug
1 .
VkeZ, an(k) = / wn()e2e gy (15)
0

Using the periodicity of ug, we can rewrite the first equation in (1) as

—u - zluR (Z 1) ) — ZQUR(R) (Z 5m+R) = ERUR.

meZ meZ
Taking the Fourier transform, and using the relation Er = —k%, we obtain
47’ k2ar(k) — 21ur(0) — zpup(R)e 2™ = _k2agn (k).

Hence, for all k € Z,

s 1 —2im
ug(k) = e (21ur(0) + zoupr(R)e™ 2™ F) . (16)
Consequently,
=~ imkx 1 —2im imkx
(Myug)(x) = Z wp(k)e¥ e = Z e (21ur(0) + zpup(R)e 2mHR) (2imk
k€Z, |k|>N kez, |k|>N B
00 9
= Z e (21ur(0) cos(2mkx) + 2zour(R) cos(2mk(z — R))),
k=N+1
which completes the proof of Lemma 3. O

The last technical lemma we need provides an estimates of the series in (14) for x = 0 and = R.
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Lemma 4. Let R > R+— kr € R be a positive bounded function and M = suppgcp k% We denote by

©= 1 cos(2wkR)
In(R) Z K2 + Am2k? and  gn(R) Z K2, + An?k2’
k=N-+1 k=N+1
For all R € R\ Z we have
1 X1 M
IN(R) = pan + on(R), with ax =N 37 5 [o8(R) < o (17)
k=N+1
and N
1 ) < cos(27TkR) M
ox(R) = e+ Un(R), with nxe=N Y PN (R < o (8)
k=N+1
Besides,
1 1 2+
=14+ — d < mi -8 1
an = +2N+O<N2) an |77N,R|mm< |blIl(7TR)|N> (19)
Proof. The function fy can be decomposed as
1
IN(R) = mman + on(R),
where
1 kL X 1
R) = fn(R) — ———ay = — -1 S
on(R) = fn(R) 47T2NGN 472 k%:ﬂ kz(kQ +472k2)

We have on the one hand

weren 3 ([ B e $ L[ (- (-0 ) =1 Aevo ()

k=N+1 k= N+1

and on the other hand, by a sum-integral comparison,

M*i1 M

< .
Am2kt — A8miN3
k=N+1

lon(R)| <

< 1

Thus, (17) and the first statement of (19) are proved. For N € N and R € R, we set

+oo
cos(2wkR) 1
hnv(R) = > = I RN

42k
k=N+1
We have
400 +o0
k% cos(2TkR) 1 M
R)| = R <M < .
v (R)] = lgn (R) = | k% 47r2k2 k2, + An2k?) | = k:ZNH 16m4k* = 4874 N3

Taking the second derivative of h in the distribution sense and using Poisson summation formula, we obtain

d? T p2imkR 4 ¢~ 2imkR 1 _
" _ _ 2iTtkR
v (R) = g2 < 822 =5 2 e
k=N-+1 kEZ| |k|>N
N
1 2inkR 2imkR 1sm((2N+ 1)7R)
_ 170 _ 1T — 6 .
(e 3 )y e
kezZ k=—N mez
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Therefore, hy is smooth on R\ Z. Since it is 1-periodic, it suffices to study it on the open interval (0,1)
Since hy (3 +t) = hy (3 —t) for all [t| < 1, we have Wy () = 0, so that for all R € (
formula with integral remainder, we get

I (R) = b (;)Jr/lR(Rt)h’I(,(t) dt = h (1) +1/R(Rt)sm((2N“)“)dt

2 2J1 sin(rt)

03] g (- 22 0)

_ 1 R cos(mt) (R —t)7?(1+ cos?(nt))\ sin ((2N + 1)nt)
7) - /1 (27T + )

0,1), and using Taylor

dt.
2(2N +1)272 sin(7rt) sin®(7t) sin(7rt)
Since .
1 X (—1)k 1 1
h — || = < <
‘ N <2>‘ 2 A72k?| = 4m?(N + 1) ~ 4x2N?’
k=N+1
and since, for all R € (0,1/2),
1 ()N = sm((Z.N + 1)7R) < 1 14— 1 < 1' ,
2(2N + 1)272 sin(mR) 8m2 N2 sin(mR) 472 N2 sin(mR)

dt| <

_271'/2 ?Oz(m)dt_2< 1 1),
Rr sin“(7t) sin(rR)

and, using the inequalities 2t < sin(rt) < ¢ for all 0 < ¢ < 1,

/R 271_cos( t) sin ((2N + 1)xt)

sin(mt) sin(mt)

R _ 2 2 . 1 _ 1
/ (R t)ﬂ'.(; + cos*(mt)) sin ((2.N+ 1)mt) il < 2772/2 .t . R dt < 7r2/2 | Zt dt
1 sin®(7rt) sin(7t) R sin®(7t) R sin’(7t)
w2 / 1 w2 73
< — = 1B S IR
4 Jr t2 R 4sin(mR)
we finally get
.| = |47 Ny (R)] < ~ +1 SR S S
Rl = N N N51n(7rR) sin(mR) 8sin(mR)N

-+ %)

We are now ready to prove Theorem 1.

which concludes the proof.
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Proof of Theorem 1. Combining Lemmata 1, 2, 3 and 4, we get that for any R € (0,1),

Bry — Er = 21u,n (0) (ug) (0) + 2aum v (R) (Myug) (R) + 0 (Ni) (Lemma 2)
= 21ur,n(0) (221ur(0) fv (R) + 220ur(R)gn (R))
+ zour, N (R) (220ur(R) fn(R) + 221ur(0)gn (R)) + 0 (]\[i—e) (Lemma 3)

= (QquEN(O)uR(O) + 2z§uR7N(R)uR(R)) fN(R)

+ 22122 (’LLR’N(O)’U,R(R) + UR,N(R)UR(O)) gN(R) +o <1>

N3—¢
1
= (QZ%UR,N(O)UR(O) + 2Z§’LLR’N(R)UR(R)) majv
1 1
+ 22122 (ur, N (0)ur(R) + ur N (R)ur(0)) TN RN +o0 <N3—€> (Lemma 4)

1)

QR R,N TR 1
= WGN + N an + mﬁR,N—FO <N36> ,

where we have used the bounds (11) and (19) to obtain the last equality. The proof of (7) easily follows.
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